We introduce and study two new functional equations, which contain a lot of known functional equations as special cases, arising in dynamic programming of multistage decision processes. By applying a new fixed point theorem, we obtain the existence, uniqueness, iterative approximation, and error estimate of solutions for these functional equations. Under certain conditions, we also study properties of solutions for one of the functional equations. The results presented in this paper extend, improve, and unify the results according to Bellman, Bellman and Roosta, Bhakta and Choudhury, Bhakta and Mitra, Liu, Liu and Ume, and others. Two examples are given to demonstrate the advantage of our results over existing results in the literature.
Introduction and Preliminaries
The existence, uniqueness, and successive approximations of solutions for the following functional equations arising in dynamic programming: 
1.2
The aim of this paper is to investigate properties of solutions for the following more general functional equations arising in dynamic programming of multistage decision processes: where X and Y are real Banach spaces, S ⊆ X is the state space, D ⊆ Y is the decision space, opt denotes the sup or inf, x and y stand for the state and decision vectors, respectively,
. . , b m represent the transformations of the processes, and f x denotes the optimal return function with initial state x. The rest of the paper is organized as follows. In Section 2, we state the definitions, notions, and a lemma and establish a new fixed point theorem, which will be used in the rest of the paper. The main results are presented in Section 3. By applying the new fixed point theorem, we establish the existence, uniqueness, iterative approximation, and error estimate of solutions for the functional equation ϕ : ϕ : R −→ R is upper semicontinuous from the right on R ,
A Fixed Point Theorem
Let {d k } k≥1 be a countable family of pseudometrics on a nonvoid set X such that for any two different points x, y ∈ X, d k x, y > 0 for some k ≥ 1. For any x, y ∈ X, let 
where ϕ is some element in Φ 1 ∩ Φ 2 , then i f has a unique fixed point w ∈ X and lim n → ∞ f n x w for any x ∈ X,
Proof. Given x ∈ X and k ≥ 1, define c n d k f n x, f n−1 x for each n ≥ 1. In view of 2.2 , we know that
Since ϕ ∈ Φ 1 ∩ Φ 2 , by 2.4 we easily conclude that {c n } n≥1 is nonincreasing. It follows that {c n } n≥1 has a limit c ≥ 0. We claim that c 0. Otherwise, c > 0. On account of 2.4 and ϕ ∈ Φ 1 ∩ Φ 2 , we deduce that
Fixed Point Theory and Applications which is impossible. That is, c 0. We now show that {f n x} n≥1 is a Cauchy sequence. Suppose that {f n x} n≥1 is not a Cauchy sequence, then there exist ε > 0, k ≥ 1, and two sequences of positive integers {m i } i≥1 and {n i } i≥1 with m i > n i and
which yields that
As i → ∞ in 2.7 , we derive that lim i → ∞ a i ε. Note that 2.2 and 2.7 mean that
This is a contradiction. By completeness of X, d , there exists a point w ∈ X, such that lim n → ∞ f n x w. Using 2.1 , 2.2 , and ϕ ∈ Φ 1 ∩ Φ 2 , we obtain that for each x, y ∈ X d fx, fy
2.10
that is, w is a fixed point of f. If f has a fixed point v different from w, then there exists k ≥ 1 such that d k w, v > 0. By 2.2 , we have
which is a contradiction. Consequently, w is a unique fixed point of f.
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Suppose that ϕ ∈ Φ 3 . By 2.2 , we get that for any x ∈ X, n ≥ 1, and
This completes the proof. 
Properties of Solutions
In this section, we assume that X, · and Y, · are real Banach spaces, S ⊆ X is the state space, and D ⊆ Y is the decision space. Define BB S f : f : S −→ R is bounded on bounded subsets of S .
3.1
For any positive integer k and f, g ∈ BB S , let
where B 0, k {x : x ∈ S and x ≤ k}, then {d k } k≥1 is a countable family of pseudometrics on BB S . It is clear that BB S , d is a complete metric space.
Theorem 3.1. Let p : S × D → R and H : S × D × BB S → R be mappings, and let ϕ be in
C2 for any k ≥ 1 and u ∈ BB S , there exists α k, u > 0 satisfying In addition, if ϕ is in Φ 3 , then
Proof. It follows from C2 and 3.4 that G maps BB S into itself. Given ε > 0, k ≥ 1, x ∈ B 0, k , and h, g ∈ BB S , suppose that opt y∈D sup y∈D , then there exist y, z ∈ D such that
In view of 3.3 , 3.5 , and 3.7 , we deduce that
which implies that
Similarly, we can show that 3.9 holds for opt y∈D inf y∈D . As ε → 0 in 3.9 , we get that
Notice that the functional equation 1.3 possesses a unique solution w if and only if the mapping G has a unique fixed point w. Thus, Theorem 3.1 follows from Theorem 2.1. This completes the proof. 
3.13
Moreover, Proof. Let H and G be defined by 3.15 and 3.16 , respectively. We now claim that ϕ t < t, ∀t > 0.
3.21
If not, then there exists some t > 0 such that ϕ t ≥ t. On account of ϕ, ψ ∈ Φ 4 , we know that for any n ≥ 1,
which is a contradiction since ∞ n 0 ψ ϕ n t < ∞. 
In view of C6 , 3.16 , and 3.25 , we derive that for any x ∈ B 0, k , 
3.27
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Using C6 -C8 , 3.15 and 3.27 , and Lemma 2.3, we deduce that 
3.28
which means that
Similarly, we can conclude that the above inequality holds for opt y∈D inf y∈D . Letting ε → 0 , we get that
That is, G is nonexpansive. We show that for each n ≥ 0, 
3.34
Therefore, 3.32 holds for any n ≥ 0.
13
Next, we prove that {w n } n≥0 is a Cauchy sequence in BB S . Given ε > 0, k ≥ 1, n ≥ 1, j ≥ 1, and x 0 ∈ B 0, k , suppose that opt y∈D sup y∈D . We select that y, z ∈ D with 
3.35
According to C6 -C8 and 3.35 , we have 
